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The Power Spectrum

e Inflation - the dominant paradigm to
explain the origin of primordial
perturbation;

e Statistical properties of ¢

(Gutw) = (2m)°* 8 (K + ) 2P (1)

e Parametrized as power-law

Py =P ()

where ng = 0.9603 + 0.0073

e Another observable: gravitational waves r = 77;—’; < 0.11;
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Simple Inflation Model

* P¢ and r gives information about the
inflationary epoch

\%
2 N2
Vi = e= 5 (V)
V// n:m2 4
= PIV

e For example
e The energy scale of the inflation and the slope of the potential:

i \%
r=16eand P¢ (ki) = ——F —
24m2m3, €

e The curvature of the potential

dlnP; 29
T = iy — I = =6 -2
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e Departures from the simplest scenarios
= more observables, e.g.:
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¢ non-Gaussianity;
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Departures From Simple Models

e Departures from the simplest scenarios
= more observables, e.g.:

o features in the spectrum

P # P (k) <kﬁ*)nl

¢ non-Gaussianity;
(CeCrrCiorr) = (2m)% 6 (k + k' + k") Be (k, k', k")

Reduced bispectrum

§f - Be (k, k' k")
S P (k) P (k") + 2 permutations

where e.g. figcal =2.74+5.8

e statistical anisotropy;



Statistical Anisotropy
Slow-Roll Attractor

Introduction

Observational constraints
Sources of Statistical Anisotropy
Generating Statistical Anisotropy

Statistical Anisotropy




Introduction

Observational constraints
Sources of Statistical Anisotropy
Generating Statistical Anisotropy

Statistical Anisotropy
Slow-Roll Attractor

Statistical Anisotropy

e In momentum space:

e the spectrum

% 2
P (k) = P (k) [1+g< (kzn) +]
e the reduced bispectrum

fan = £ 146 (k.n)]
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Observational constraints

e Statistical anisotropy:
* WMAP9 data

—0.046 < gc < 0.048 at 68% CL

e Planck data

lgc] <0.02 at 68% CL

e Two views:

1. Still some space available (1st part of the talk);
2. Constraining models (2nd part of the talk);
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Sources of Statistical Anisotropy

e Sources of statistical anisotropy

e Remnant of initial stages of inflation;
e Three forms;

o (pseudo) Conformal Universe;

e Vector fields;
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Vector Fields

¢ Ubiquitous in particle physics models = relevant during
inflation?
o EMT of (homogeneous) massless U (1) vector field

pw 0

o
0 +pw

A likely (but not necessary) signature: statistical anisotropy;
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Conformal Invariance

* Massless U (1) vector field £ = —1F,, F*” is invariant under
guw () = Q(2) guv ()

e No classical perturbation;

o pwoxa 4
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Breaking Conformal Invariance

o Breaking conformal invariance: many examples in the
literature on PMFs.
1. Modify potential term,

11 L=-1F, F*"+1RA, A" — ghost?
, but
1l =T — —%FWF“”Jr%mz (t) A, A*

2. Modify kinetic term, e.g.:

i —ifz (£) By F*

Maxwell-type kinetic term: the only possibility without
instabilities;
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1 1
L= _Zf2 () §m2 (t) A, A*

Can give statistically anisotropic as well as isotropic cases.
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Breaking Conformal Invariance

o For concreteness | will consider
1 1
L= _Zf2 () §m2 (t) A, A*
Can give statistically anisotropic as well as isotropic cases.
e Physical, canonically normalized vector field

A;
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Generating Statistical Anisotropy

1. Make the background expansion anisotropic;
2. Directly contribute or generate the total of (;

3. Source inflaton perturbation;
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Anisotropic Background

o EMT 7Y = diag [pw, —pw, —pw, +pw] =
ds? = dt? — a® (¢) (da® + dy?) — b (t) d=2
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Anisotropic Background
e EMT T} = diag [ow, —pw, —pw, +pw] =
ds® = dt® — a® (¢) (dz® + dy®) — b° (¢) d2®

e Single field inflation: (x = (x (t) at k = aH and (; = const
afterwards;
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Anisotropic Background

e EMT T} = diag [pw, —pw, —pw, +pw]| =
ds? = dt? — a® (¢) (da® + dy?) — b (t) d=2

e Single field inflation: (x = (x (t) at k = aH and (; = const
afterwards;

e Power spectrum

SRR
TilAn2md et b

Pe (k)
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Anisotropic Background

e EMT T} = diag [pw, —pw, —pw, +pw]| =
ds® = d? — a? (t) (da® + dy?) — b° (t) d?

e Single field inflation: (x = (x (t) at k = aH and (; = const
afterwards;
e Power spectrum
1 v
Pk = —
k) 24m2myy € |pion

e In this case g¢ < 0;
e Scalar-Tensor correlations

Pen . l9¢]
s e
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Generating Statistical Anisotropy

1. Make the background expansion anisotropic;
2. Directly contribute or generate the total of (;

3. Source inflaton perturbation;
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Generating Statistical Anisotropy

2. Directly contribute or generate the total of (;



QUACRIACHE

B

and preferred direction n = W.
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Direct Contribution to ¢

o W (x) = (w (x);
e W (x) is statistically anisotropic

(OW: (k) 6W; (k') o< T (k) Py (k) + 475 (k)P (&) + T (k) Py (k)

where T} (k) =Th (eR (k) s (k) el (k))
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Direct Contribution to ¢
o W (x) = (w (x);
e W (x) is statistically anisotropic

(OW: (k) 6W; (k') o< T (k) Py (k) + 475 (k)P (&) + T (k) Py (k)
where T{} (lz:) = Ti/;- (eR (ic) et (Iz:) ,eH (I;:))

* The anisotropy in P¢ (k):

2 Py (k) — P+ (k)
g (k) N ’PISO( )

and preferred direction n = W.



Introduction
Statistical Anisotropy (S)bservatl?nsal c_on§tr|alu/:ts'
Slow-Roll Attractor i At atisticalgnisotropi
Generating Statistical Anisotropy

Avoiding Excessive Statistical Anisotropy

2 Py (k) — Py (k)
k) = —_—
g¢ (k) = Ny P ()

D
1. Three orthogonal vector fields: >, 5 (k : WZ> = const;
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Avoiding Excessive Statistical Anisotropy

2 Py (k) — Py (k)
k) = —_—
g¢ (k) = Ny P ()

D
1. Three orthogonal vector fields: >, 5 (k : WZ> = const;

D)
2. Many randomly oriented vector fields: (k; . WZ) ~ const;
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Avoiding Excessive Statistical Anisotropy

2 Py (k) — Py (k)
k = _— -
g¢ (k) w Pieo ()

D
1. Three orthogonal vector fields: >, 5 <k : WZ> = const;

D)
2. Many randomly oriented vector fields: (k; . WZ) ~ const;
3. A subdominant contribution: P¢,, < P¢;
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Avoiding Excessive Statistical Anisotropy

2 Py (k) — Py (k)
k = _— -
g¢ (k) w Pieo ()

D
1. Three orthogonal vector fields: >, 5 <k : WZ> = const;

D)
. Many randomly oriented vector fields: (k . WZ) ~ const;

w N

. A subdominant contribution: P, < P¢;
- Py =P

IS
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Many Vector Fields

e Non-Abelian vector fields
1 2 a v
/L= _Z_lf ) B0 LR

ursa

where F2, = 8, A% — 8, A% + g f* A0 AS.
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e Non-Abelian vector fields

c= T RO ELEY,

ursa

where F2, = 8, A% — 8, A% + g f* A0 AS.
e Assuming W, =W V a
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Many Vector Fields

e Non-Abelian vector fields

c= T RO ELEY,

urta
where F2, = 8, A% — 8, A% + g f* A0 AS.
e Assuming W, =W V a
1
9 = _/T/';
e For |g¢| < 0.02: N >50 = e.g. SU(8);
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Vector Curvaton
L=30,00"¢+V (¢)

log (a) ‘\(\‘\\}
A\

L

ar v

Inflaton
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

ar v

Inflaton

log (a) ‘\(\‘\\é
A\

W
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H
1 11

p = const

Dy = const

log (a) ‘\(\‘\\é
Q°

W

m>H
111 v

Inflaton

Vector field
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H

Reheating: I |[1II

p = const

F=1"& m = ot < tHEG)

log (a) ‘\(\‘\\é
Q°

W

m>H
111 v

Inflaton

Vector field
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H m>H
Reheating: I [ol m v
Inflaton

p = const

F=1"& m = ot < tHEG) of | Vecteriizd
Vector field oscillations:

m>H ) = eaga
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H m>H
Reheating: I [ol m v

Inflaton
p = const —

F=1"& m = ot < tHEG) of | Vecteriizd
Vector field oscillations:

m>H ) = eaga

% *\0\\5 Vector HBB
“;\-}\\‘a decay
o

Vector field decay;
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H m>H
Reheating: I [ol m v

Inflaton
p = const —

F=1"& m = ot < tHEG) of | Vecteriizd
Vector field oscillations:

m>H ) = eaga

% *\0\\5 Vector HBB
“;\-}\\‘a decay
o

Vector field decay;
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Vector Curvaton
L=10,00"¢p+V (¢)—1f* (t) Fuw F*™ + Im? (t) A, A"

Inflation: f oc , M X m< H m>H

Reheating: I [ol m v

Inflaton

p = const

F=1"& m = it ~ S .| Vector field

Vector field oscillations:

decay

m > H (t) = pW = 0 o " Vector HBB
Q) Y‘;\

Vector field decay;
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Vector Curvaton
L= 30,000+ V (¢)—1 17 () B B S (1) A, A

m< H m>H
I I I v
2 Inflaton
A 2 mpy \ 2 3H p = const e
Yo = ZEQW ( 7 ) (mcnd> Jector fiel

(a) i\‘\% .\Q\\% Vector HBB
2

AT (O
o c‘g\\\ decay
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Subdominant Contribution: Vector Curvaton

e Vector Curvaton

L= 30,000+ V (¢)—1 17 () B B S (1) A, A

m< H m>H
I I I v
Inflaton
I 2 mPl = cons —
° gC : 769 ( ( ) 0 const
2 WYY
Mend Vector field
6 plocal 2g° 3H 172
® 2 o W
5JNL QW |: mend J‘:|
6 pequil 292 m 3H Side 2
] g d
® /v = QW i ™me d) Wi

Vector HBB
decay
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End-of-Inflation Scenario
Hybrid inflation

L= 38,60"9+ L0X0"X +V (6,%)
with

V(6,0 = 12 (¢ = MY 4SRN+ (9)
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End-of-Inflation Scenario
Hybrid inflation

L= 38,60"9+ L0X0"X +V (6,%)
with

V(6,0 = 12 (¢ = MY 4SRN+ (9)

End-of-Inflation with a vector field

L= 30,60"6— 12 (1) Fiu Fi"+ 5 (D) D" ®+V (4,9)
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Subdominant Contribution: End-of-Inflation

€% (52 %% )2
9¢ Zanme et e
¢ €end et ¢end
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Subdominant Contribution: End-of-Inflation

i (52 W )2
%3 €end et ¢end

: =
e = ng? [(02 D (sn ) Wj‘_]

6 : 7 3
= fiogal v g2 {(02 —1) - (§c2 2 1) Wi 1—6Wjj]
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P =P

e Consider
1 2! v 1 %
Ez—zf (T T (t) A, A"

with f o< a=2 and m  a.
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Consider
1 2 v 1 2
o — _Zf (t) F;U/F“ 4F §m (t) ./Lluzél/J
with f o< a™2 and m  a.

Mend < 3H - statistical anisotropy:

H)\? 3H \?>/H)\?
re= (5] <GiElGNEE
27 Mend 2m
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Consider
c=-tpwr, i ln?ea,an
— —3 PR O Fu P + 5m () A,
with f o< a™2 and m  a.
Mend < 3H - statistical anisotropy:

H)\? 3H \?>/H)\?
re= (5] <GiElGNEE
27 Mend 2m

Menq > 3H - statistical isotropy

SR
P+ w0 PH e (mend) (g)
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Generating Statistical Anisotropy

1. Make the background expansion anisotropic;
2. Directly contribute or generate the total of (;

3. Source inflaton perturbation;
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Generating Statistical Anisotropy

3. Source inflaton perturbation;
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Source Inflaton Perturbation

o If inflaton is coupled to the vector field
66 +3HSp+ V" (¢)6p = — |V" (¢, W) ¢ + %mg

e Since 6W; statistically anisotropic = d¢ also statistically
anisotropic;



Inflaton perturbation

L (:];)'-zs (W?)

: Pl
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Source Inflaton Perturbation: Example

L= 30,40"9+V ($) — 11> (9) FuF™

¢ Slowly rolling vector field

f(¢) xa™?
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Source Inflaton Perturbation: Example

L= 0u00"+V ($) = 3 12 (9) FuF™

¢ Slowly rolling vector field

f(¢) xa™?

o Negligible backreaction

DRy
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Source Inflaton Perturbation: Example

L= 0u00"+V ($) = 3 12 (9) FuF™

¢ Slowly rolling vector field

f(¢) xa™?

o Negligible backreaction

DRy

e We live in a typical location

W>H
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Source Inflaton Perturbation: Example

L= 0u00"+V ($) = 3 12 (9) FuF™

Slowly rolling vector field

f(@)oxa™
Negligible backreaction

DRy
p

We live in a typical location

W>H

Inflaton perturbation

T s 6N (k) 2
6¢k—6¢k+—\@mplé(W>

k
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Source Inflaton Perturbation: Example

¢ Anisotropy in the spectrum

oo () () ()

e Observations [g¢| < 0.02: if P¢, = P the condition W > H
is only marginally allowed.
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Source Inflaton Perturbation: Example

¢ Anisotropy in the spectrum

oo () () ()

e Observations [g¢| < 0.02: if P¢, = P the condition W > H
is only marginally allowed.
e non-Gaussianity

iso 7)
£, = 10N (ko) gc (ko) *.
S
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Vector fields for statistical anisotropy

Vector fields for slowly
rolling inflaton
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Equations of Motion |

e The work of
e The action

5= [d'oy=g [~ jrhR + 50,00% +V (0) - 17 O Fu"

where

ds? = dt? — o> @) [e%(t) (d:c2 I dy2) + e_4°(t)d22]
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Equations of Motion |

e This gives
iz :
H2 (1_22) g §¢ A + Pkin
3m3, ’
Lok 3V+2pkin’
3my,
Hy S e i 20
3my,
¢+3H+V' —pign = 0,
> o
Ay + Hil Ay or IO A S
- (+ +257
where

=
Il
Qe
™
Il
| Q
)
A
=}
Il
N | —
T
\
s |2
NI
N



@3 (1..— m

S z[3’(f¥m2422)—2z_2-]_';i-_-.(42+wf‘-—1)z

where

s st i %
X \/ngl% = \/EE = \/6mP1f7
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Equations of Motion ||

e It is useful to introduce

= ¢ = \/‘7 = 4/ Pkin
" Vemp H' T \VBmpH’ - VB3mp H

e Then Equations of motion become

1 = 22+¢°+2.°2+%?

dé‘;VH = Bl ot

zdé?vz = B[3iEE —E i S
% = z[3(1-2"-%%) -2+ (1-a®-2* -2\ 2T
;Tif = z2[3(1-2>-%2%) -2+ (U8 +al — 1)z

where

{1 /
A= \/gmpl% = \/:; E= \/émplf7
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Fixed Points

e It is useful to introduce

pm o ® G s i
~ Vo6mp H’ "~ 3BmpH’ ~ V3mpH

e Equations of motion become

1 = zo+ys+tza+5;
EH (wi +Z§) —1—223
0 = % [3(1-22-%2) 222 —222
0 = z.[3(1-22-22)-222]+(1-22—22-S))-22T
0= [3 (1 ~xz 723) ~2zf] + (4% +z ' — 1) 2

e Take )\ ~ constant, I' ~ constant;
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Fixed Points

1. Standard slow-roll solution

Te = — Ye=4A/1l——, 2.=0, X.=0

gy
stable fixed point for A <3 and A(A+T) <6
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Fixed Points

1. Standard slow-roll solution

Te = — Ye=4A/1l——, 2.=0, X.=0

§7
stable fixed point for A <3 and A(A+T) <6
2. Anisotropic kination solution



Statistical Anisotropy
Slow-Roll Attractor

Fixed Points

1. Standard slow-roll solution
€ s (o e 1_77 el Ec:
x 3 Y 9 ] 0 0

stable fixed point for A <3 and A(A+T) <6
2. Anisotropic kination solution

To = Toe— 05— ONE S v/ 2

3. Vector scaling solution

A6 ZNgAr—ﬁ
i i W g T2

Te ™ — IV s s o)

2
F?
stable fixed point for AI' > 6, ' > XA and T" > 1.
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Fixed Points

1. Standard slow-roll solution

Te = — Ye=4A/1l——, 2.=0, X.=0

§7
stable fixed point for A <3 and A(A+T) <6
2. Anisotropic kination solution

To = Toe— 05— ONE S v/ 2

3. Vector scaling solution

A6 ENgAF—G
i i W g T2

Te ™ — IV s s o)

2
F?
stable fixed point for AI' > 6, ' > XA and T" > 1.

e Check the rate of change of A and T" posteriori.
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Scale Invariant Spectrum

2 A ) ok
Te™—=, Y2, zo=2——— Y. ==
r T 3 I?
° xc:—%¢§=—2H:>f3<a*2:

o vector field is slowly-rolling;
e scale invariant perturbation spectrum:

H 2}
7’*-(%)
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No Backreaction Problem

2 VAL — 6 2N2)‘F_6

T o —= kel z:—r : e

. the f2F2 model suffers from
the backreaction problem;
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No Backreaction Problem

2 o AT G e D
ERT <50 VS g e

. the f2F2 model suffers from
the backreaction problem;

e The background anisotropy
> ~ const < 1

e The vector field energy density

Prin
P

~ const <€ 1
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No Backreaction Problem

2 VAI' — 6 2MX'—6
0 —— Eﬁg 2

. the f2F2 model suffers from
the backreaction problem;

The background anisotropy

Y ~ const <€ 1

The vector field energy density

Prin
P

~ const <K 1

No backreaction problem!
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The 1 problem

o A generic SUGRA inflation model gives || = 1

i ¢l . 1]el*

This gives V" (¢) ~ V" (0) + 3H>
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The 1 problem

o A generic SUGRA inflation model gives || = 1

i 9” , Llg*
This gives V" (¢) ~ V" (0) + 3H>

1. Tuned duration of inflation;
2. Wrong spectral index;
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Solution of the n problem

e Remember ; :
¢ HBHG o F il
e In the attractor

Bt / Ni ’
‘/;HZV pkm—)\rv

e Even if V' is large ¢ rolls slowly!
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Solution of the n problem

Remember

¢+3Hp+ V' — piin =0
In the attractor

() Al / / Ni /
Vee =V pkm—)\FV

Even if V' is large ¢ rolls slowly!

A concrete example in for
SUGRA hybrid inflation.
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Conclusions

e Vector fields can play a role in inflationary dynamics;
e If so, statistical anisotropy is likely;

¢ Can help solving the 7 problem;
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