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IHoltzmann equations. # 1

The Question that arises is how DM

isproduced given a set ofmoperties.
In order he answer this question,we

typically need to handel evolution beyond
equilibrium. Our main tool are

Boltzmann equation that drive.

the DM phase space distribution
-

function f (pr ,c) that count the numberS
-

of particles in the phase spece element

d3x &3p where x an prefer to position
and momentum .

there in particular
we follow the convention :

&
My = gas38x

~

8x = Jes EPY
where X refers to DM (scolor , fermion , ... ).
careful ,

here we absorb the X number of
· dof into fx

The Boltzmann equation con be
written as :

-= c [8)

influenced [ ↳ influenced by
byConology Particle phys.



#2.TheLiouville operator
# 2

.

· (8)=es
along the peth

when particles more freely ,
we expect

them to follow geodesic eas.

pr=g

=> L583 =pp
this port of the Boltzmann equation
is essentially influenced by the comology
through MTV-

NB : ([f] above is a covariant relativistic
=

generalization of the non relativistic (NR)
Liouville operator that you con

find in astro-oriented test books

↳r =Et=

=turpit



#3
.

· Considering FRW metric
,
with spatially

homogeneous and isotropic PSD :

f(xr , pr) = f(t ,(p))= J(t,E) , the
Ziouville

petubationsoperato , at zeoh odis&

483 = E(E -ME)f(t ,E)

- 183 + 8:0.
in particular above we have

48] =E
dt

-

- we mostly leave the details of
chmological perturbation enolution to
reference commo books : Dodelson

,
Bauman,etc



#V4.
#28]the collision tem

C[f] is the collision tem that

captures the particle physics interactions.
of your species X.

On very general grounds ,
one should

conside both elastic and incratic
processes :

(11) = Cee28] + Cinee [f]

Below
,

we provide order of magnitude
estimates for a DM TOMODEL with X coupling
to weak gange basons.

-Cel[f]
2.lantic satterings and thermal equilibrium

A Rough Estimate of Kinetic decoupling.
see 0 104 173.

· for a DM "toy model: 06 12238.

xf +xf
*X8X
z& MelvGel My Ge

elastic processes
↳ dres mochentum 878x8

exchanges.

· Temprahue of "last scattering , (Tes).
-

I

= Yee(Tes) = F(Tes)
.

= -H

with Fol = "Collision
,
time

.



#5.

·
Even before the time of lost scattering
(local) thermal equilibrum can be

last !

One defines the relaxation time ,Zels
as the time = time necessary to
return to flocal) thermal equilibrium.

-it is estimated as the time

necesary to change Px=p significantly.

·
Let us evaluatezee for a non

-

ritaristicspecie X (MXKT) which

interacts throughweakinteractions-

~ typical of WiMP DM
,

see below

A
in each scatterings on light speciesf
you can hope no change p as

( (41
DPrEfeT Y ERhp T = prtml
A For rondom walk in momentum specs
the lotal change in moment. after Node is

expected to scale as :

Aprv= Ncole P (Ncole-

P



#S .

- To change significantly the momentum

you thus need :

Ncole ~M1
= Zee ~

Noll Zoe e
- MumalequilibriumI sing

.

(kD)
when :

-
Wooll for Aprot up

ZenNew t(TKD)

in particular in the context of our

Wimp -+
3

toy O
Nel ~ Sel XS

Null

model E ·Hr4
-
1 See 2

.g.

mx-E 0104173
fra
concrete

exemple.

=>TriMp



#7
.

Take myloocer and GF ~ 105 Gev-2

=> Tran 1074 GeV ~20 MeV
.

~42m4
drug

= TxDmx !

Notice that this is a very rough eximate
but the order of magnitude is recovered
When computing the full set of
Boltzmann equations .

wis For weakly interacting particles- (electrom ,Vanilla wimp .... ) kD usually happens
&well after chemica decoupling (se below

so that one usually directly make

use of Fumi-Dirac ,
Bose-Einstein or

Boltzmann (non relativistic) momentum

dependent distribution funcious.

NB Last scattering can be roughly evaluated
or Feeltes) = H(Tes)

- Tes(Me



#8.

B
.
Kinetic decoupling : temperame endution

equations.

O
When particles are suspected he have

a departure fom thermal equilibrium
with the heat bath ,

one should flow
the "unintegrated ,

Boltzmann equations

If(H) which can be computationally
dt expensive andricy.
(integro partial differential equation

,
see e

.g.
1706 . 07433)

·I has been shown though that when
-

chemical and kinetic decoupling ar
-

inbalwinned it might be enough to follow
- see 2

.
2 :number density evolution

the first and second mementa only of
distribution function * Here

,
we define

X temperature as:

Tx==St
NB : o fer non relativistic particles
= TX=x()

zmX

· another dimension less variableis :

= )=3



see e.g. 0612238 ,
1706 . 07433

,
2103

. 01944.
S.

1603
.04884.

e
The TX enolution equations can

be obtained from the Boltzmann

creations for fy( ,
t) : 10303

.
0189 ,

1603 . 04884
,

etc]

#
a
On the one hand

,
the Liouville part :

&

① = 2+ (mTx) - H)(2f)
Gefp
-

= Mx(0zx-X-<
Gmx +3kny =0

neglecting
inelastic coll ! -ESdp
-

->② = mx(ftTx +2HTx -H
~



#10.

For non rldiv . DM : we neglect the last

E tem as E1
For relativistic DM : /2) PY3) = Yg(p) =TX.

As a result ,
the Liouville

contribution reduces to :

① =E mx (OtTX + 2HTX) for N
.
R

.
DM

mx(0+Tx + HTx) for relativam .

Considering the case of Kinetic
decoupling i .

e
.
when the SCelto .

Jelastic collisions can not enaintain KE)

we would have ② =0
,

ie .

Txa
Va2 far KD N

.
R

. DM.&Ma for KD relativistic DM.

↳ D = Ta La for coupled
DM !



#11

- The collision them for elastic processes
X(p ,

E)

x44X4E X(p) :

4 (k,
w)
/ -

4(k
,
w) = some SM

speie

Cellf)=Saf (f4(pt-Pa
&

DM assumed not

effected by
↓

IMext (1 = 8 W).

) &WSLE)
BE-PB effects-

Jap aften e
- (11(w) (W) f(E)

lenghty labulation

far TMX and-mondelnam
variable to

② = zU(T)my) + - Tx)(z + 0(t)n

momentum transfer rate
~ T/mX scattering rate

(due torandomwelk in
momentum space(

-
Tx +2Tx = zu (T-Tx) . Ca

-

-> T=
when U dives the

evol (TXTKD)
·

When It drives the
az

evol (TTKD)



# 12

#Biskeeping treek of go , Ming x = mx/t

-den(1-

Xt)=Jaw If MR

w/< IMR/ = A Jdtt) IM
= 16m Strauson

~
C ①we

se e.g. [1603.04884]

· f
,
(f) = -TGw84

for + thermal distrib.

-> UH) =m Jew 1, Ww(kcM
-n+

=
T Swet)Neesensition

a

↑

ut-



↑

#13

we find that the right momentum
transfer rate shell scale as

M4 .Sel Ncole
as used in the approx method of
section A.

NB2 : One could also assume that DM
&

-
is not in K

.
Ewith the SM both

-

but yet with another bath.
in the later case, similar
evolution equations con be
introduced where 3 =

Th
F

with T = dak bath temp&T SM
.

shall enter (see e .g 1603
. 07884)



IV 14
.

C
.
DM per streaming

As aside note notice that particles
freestream (FS) from the moment they
are hinetically decoupled leavingon

exponential cr in the power spectrum
due to lotsion-lessdomping free streaming)

-
this assumes X with SU()/ interactious, nonisin

at the time of KD.

·
For the Wimp toymodel coundered you getII

=

MES =1sMo Jan /100Gr DM

TKD30 MeV
.

· electrons get chemical decoupling at TrMev
j

but get kinetically decoupledot zu10

only (from which Tgaz <Ya2 instead ofTCY)
=> they are still in kinetic equilibrium

with photons at recombination (zn103)
as expected from the observation of a
blackbody Spectrum (Ethermal equ .) for
the CMB spectrum up to deviations

~ 155 ! (we deheile in 06 12238).

~smallgalayvookpszM
Scales tested by Ly-a fast data.



# 15.

· Note that DM weakly interacting with
the thermal bath but chemically& kindically.
decoupling while relativistic can get
smong constraints from F

.
S. or DNeff :

Some comment for e.g non-thermal
DM (FI

,
Superwimp) considered below

for more details see Connology
constraints sections

·
Let us emphasize that fee-streaming is one

possible source of domping. Another one is

colesionaldomping (sick Damping) due

to e.g. Interactions of massive species with

lighter ones
,
as is the caseof baryone

on DM scattering with neutrinos or (dark) photons

see alsog : 0012504
,

0410591
,

0903
.
0189

1205
. 5809

,
1603

. 04884



#16.

veptionofparties in
Thermalea

evolution early on
,

one has·setum al
equinea

where I shand for <BE species.
FD

and p is the chemical potential and
gX count the number of internal
degree of feedom of X.

·
When particles are in thermal equilibrium
it is enough to follow thefirst
Inanaitum of the distribution function

I number density.

E nx
= J(x( ,

+)

·

Ex = JEfx
↑
energy density



[V 17
.

- In mettatristic limit(T mx ,f)
-

Rieman funcion 3(3)k1.
2

S ux =g
bosonsex

=4848)fermions

·
In the non-relativistic limit (mx <T)

Ex ~ exp(E) = Boltzmann

distribution-

&
mx = gx(

3
exp( - (my- N)(t)

fx = mxmX ↑



# 18
.

⑳ Notice that for most of the cases

we are interested in the DM

moduction will happen in a mediation

dominated CRD) era :

·weM
dominated(RD) eraja

where ga(T) dendes the number of
relativistic dof contributing te radiation
density at temperature T : Gr=T

· In addition the entropydensity con be

defined as : Sheff for a collection

of relativ species .

On general grounds ga and helf .

differ when I decouple from
the hear both so that +v(t) <T

& galt)
= Eig

~

theHiggion

a see e
.g. 2102

.
06221

,
2408

. 08550, etc

Sar DM moduction
in a matter dominated (n . D) era.



# 19.
·

we can also introduce the
dimension-less number density.

X = m

5

Y is often refered to the "comoving
number densityy but carefull Y*n(t)/a3 !!

·
It is convenient to introduce a

dimensionless time variable muef/

x = met
where what is some reference man

.
Im

particular fee enney =my

·
Making use of this convenient variable,
the equilibrium comoving number

divity at No , commonlyea
Yeg ,

takes the farm :

YX
-Y =a

#ini



#20.

#B: In cases where feg is wel
approximated by a Maxwel

Beltzmann statistic : f = expe/)
one obtains :

g=

amering M . B
. Statistic.

nikz [x] = & in25
- x

Modified Benel funct Gi
of the 2d kind.

will x = mi/T forx1

xk
,
(x) = xf(t21)

**
texp(tz) dt

t = Ei/t -

* Notice that in the limit UK1
,

i
.
e.

the relativistic limit
,

MB statistic

D is wrong by a factor (3) fee
bo

am

compared to the use of the F
.

D.

and B .E. shetistics



#21
.

·
From 1st law themodynamicso

- conservationequations ,you get !

Entropy
↓sa3) =o conservation.

For particles in equ ,; in absence
of particles injection (e .g . reheating
BM evep ,

etc... (

= T & heff's a
t

If off particles are in eq.
and heff = cer-

I + 2Ya

New , particles that are decoupled
-

Im the heat bath (kinetic decoupling
see above )

,

i

.e
.,
when we can neglect

their interactions with the heat both ,
·

they donot participate anymore
to entropy transfers and hear bath

e
&

particle Tv(E) may differ from TCtC !
temperanne

temperature

actually Tx(t)x species

Ano heff EYa
for relativ

dependence ! Yar for wrspecies



· ga(T) = hefft) at high T
#22.

for SM only /g*T 100 feTT

while today,soStyx S

↑

ga(To) = gj + g3xNeffx" = 3
.
36.

E heff(Ts) = g+ g x Nijx([3 =
3

.
31

#1 =(4) by entropy
Tme comet

.

at T<me

when etz heat
the U both

O

106.75
= heff(T)

17 . 25
⑧

10 .75
O

3
.
34

↓

3
.
36

Welish PhD then



#23.

B :. actually the v
, decoupling was

-

not completely instantaneous and
actually not fully complete at

thelime where etes 08 and

their distribution is not exactly a

#D.
distribution. As a result

,
in

①
,

we should take this into account :

-

Neff Nv = 3 ne/1606.06
= 3.046

·
More generally ,

one could account

for other unknown relativistic

species .
Those are usually

accounted for as DNeff, ie. The

number of extra relativistic degrees
of freedom counted as :

DNeff(t)=
e

=Zieregit
those are currently constrained to be

ANeff(TcMB) <0 ,28 at 55% CL(Planck)
and to asimilar number by BBN.
while Endid + fuhre CMB data

* Neff < 0
,
063 [2405 . 06047)



Also #24
⑨

timeamimingthatat,
Mr

we con consider thata = aeq
allv are relativistic we have
·

rel

ermla) = Myla) +h
->T

Te >Tureq e Tr lamr)Ta
->(4xg

gug
&(R) = 1.

63 ty))

-

>mam)=Mr m,

-2.14 arrautsea ne

at M- Req.
E ze = 3506



Cinel(f] #25
-

2
.
3.Melastic Scatterings and Chemical decoupling

In addition te potentially fast momentum
exchanges with the heat bath through
elastic scatterings (see see.

2
.
1),

theDM might have ineltic interactions
-

with particles of the heat both such as

e
. g. annihilations.

For our "toy ,
model

,
we would havee.g .:

xi -f *inelastic processes.

TannSann< GF

Humicaldecoupling ((D) happens when these
inelastic processes ,

or particle number
density changing mocesses

,
become slower

than the expansion rate of the
universe : ie

-inee - H(Tc)

Notice that for CD of N
. RDM of our

try model
, you expert :

Tcp > Tra Jew MeV fa 100
particlee.



#2).

Let us refer to in te fin + X as

all the possible processes giving rise

to a variation of your dark matter

number density :

Eineeff)=
Be enhancemY

*
gin .

where the above notations correspond to :

·
the index is not a Lorentz indexhere but

-

runs over all species in the in and fin state

· Pein = Edofin P ; Pan=in 44
in Pfin is the sum of the 4-moments of

particles is the final state.

· (118x) is a /Pauli-Blocking (PB ,

=)
-

GX Bose-Einstein enhancement (BE,+)
factors for fermionis

While (11fin) ,
(11fout) correspond to a

productor prefarhasogaparticles in the

in or fin states-



#27

· fin , flin .

One the product of phose space
distributions for particles in thein state

· IMsfare the transition matrix element
squared averaged over in states
- -

end summed over In states.
-

Assuming 1/CP invariance so that

the amplitude squared sunmed of in end fin
F

IME= gin(M1inour +X = your /M 1 our
+Xe in

and thatwe consider cases without Bose

condensation a fermi degeneracy ,
i

,
e.

(1 = figi) =1
.

T

The collision term
,
which we will refer to as

C[8] from now on
,
reduceslo a simpler :

&Peintna

Zin &fin gX

For the rest of the leche ,
I will anume

that 11 and 2/ hold and I will use

the above version of the Boltzmann equ.



# 28 .

· as we will fews on the
number density evolution let

us rewrite the Lieuville operator
in terms of my

E48] = 07(xHE2x

· Spetfx=S·
*
F.dpip2fx +[p)
SepE 48x) =

2+ mx +3Hmx

us
when there are no interactions It(na3) =ov



IV 29
.

· Among the particle number

changing processes we will mainly
work with 2732 processes

1 ↳

2
T

In the lotter case for 1 =X

(f)= 4/dte) (2n)"8" (Pfin+ PX- Pen)

I
(24)48"(p3+ py

- (Pe+P2)(

141 (St
-
We will also be particularly interested
in cases in which IE-N

=>I)=(

=ep



IV 30
.

in addition energy conservation

E expt (E,+Er)(t) = exp( - (Ey +Eu)(t)

-> Legfegeeae
In the latter case :

G)=E

x (2n)4f"(p3+ py
- (Pe+P2)(

2

x gase[9192

A
Also, remember from your QFT

-

Lectures :
averageover initial dof

-

G12934= ↓ 1 J CEM8182.
L

25748"(potpy-Hett2))-mins

dending Grssy EG2 and let us define :

- 4- momentum

vij =
#12- mitmi

EiEj

= Mollervelocity



E
,

4G) =[
SpOf

Let us define theAheally averaged
con section
-

< 657
, 2=
and remembering that

Jap=

+3Hm
,

= (owne [    )
thme showing competition.
between H and Mind M, (60)2

·
when HTinel us2 +Hm =0
-> the comoving number density is conserved

a3

&

· when H Pinel it enforceschemical equ :

[Mu-hy=o eNst)
=
e

= NstNy = Nett2



# 32

·Mea has no explicit

↳
~ I

dependence in gag2

mean 2 Sage
he

~~1

g.32 8192.

·Considering processes of the type :

=x
LanamingM you on shathe

x+3mx = (Mr2x) n
,
29 [Fe-)

where <Neec) = New El
end k

,
(x) = xS(t21)

"
exp(tr) de

t = Ei/t -



#1
.

The-putMen hilations
Let no consider first

,
the "textbook

,
las

of a Dr particle that is thermal = kinetic

equilibrium with the heat bath at

early lime*

In the latter las
,
since early limes , Xx

will fellow Y upunte when chemical

decoupling will happen. At that point , if
no other number changing mocesses light on,
we expect YX freeze. = FREEZE-OUT

.

In order he valuate the chemical decoupling
temperance ,

Tod
,

one wesMann= H(T)

If Top happens in radiation dominded
era (ie Tcp >Teg and no early

matter dominated epock)

H
=
2
Molt)

where

MoCT)-P
-

a Let usemphasize that the heat both is usually
the SM both ,

however
,
the dark sector could

verywell be thermally decoupled withTT

se e.g. 2105 . 01263 DS 3 VS



E2
.

In these lechnes
,

we refer to Tas
the SM heat bath temperature.

We have multiple examples of particles
in kinetic and chemical equ -

ot early
times that decouple at loter times.

The mest obvious one isthementrino ,
V
.

- we know that they have a
-

non zero hy perchange and isospih
combined to give Qu=

-> U
< interacts with

weak interactions.

with theSM heat bath at earlytimes

Let's assume for a minute thatwe

do not know about laboratory and
smology constants and let's try
to evaluate for which mass my the

.
SM neutrinos could account for al
the DM.

In the next gations ,
we will go

step by step . Let us however

flash the final result for the
o abundance shown on p . 8.



#3.

1 .HArelics = Freeze-out while relativistic

· In the case where our X particle
would be sufficiently coupled to
the heat bath at early time (TCM)
and if the particle interactions

are such that TCD>My

theparticlewilldecoupewh
a

-> Y=(c)=
= 0

.278
Weff.(TcD)

·Somox))
#O HOT RELIC

*



14
.

·
This type of hot relics is exactly the
caseof si neutrinos.

In the case of a 2 de Seunion DM
*

i .e. g2x= 3/2

in the farm of DM interacting through
weak interactions : neutrinos

decouplingTermi
.e
. Tam ~100Mx n GT5 for MxTov

- Nanu(Tar) = H(du) = Tarno(Mev)
Nu

= heff(Tdr) = ga + g +3g = 10
.
75.

HOT RELIC=e zeginteis
* Well known bound on thermal DM is

ebheined imposing that the HOT RELIC

should selity1 my (92e.

=Swik AND Mc Celland bound

~ex < 912 my = Emuclev.

a SM meutrinos are either Majorana ,
in which

M

case gu =2 or Direc but the VR=Vsterile does not

couple noz baron, so that again q =



15 .

· one can be more general
being agnosticabout e
which casea can alwaysbe
rewritten as :

-xh2 = (v)(
-> heff(Ti) = 974(exh2= 0,12

amming a 2 def Junion decoupling
at temperature To while for↑

netrines we saw that heff (Tor)= 10
.
75.

This implies in particular that in

order he have a viable hotrelic

of a few be more (usually referred
As as thermal warm dark matter

one would need loo relativistic

daf at the time of its decoupling.
keeping in mind that the SM only has
~ 100 of these ,

this requieres a

non negligible BSM content in the

most streigtforwardapplications

* One can extend possibilities considering DM

coupled te a hidden storwitT'#T see

e .g. 2105 . 026



16.

Considering that both chemical and
Kinetic decoupling happen of the

same time,one can compare the
DM temperature TX today the the

one of the SM he which it was anumed
he be coupled at TSTD :

Whilex TChef
!

is Srelativistic

53 . 31

=

->
16(((I

this will be usefull for leter purposes.



#5 .7

c
.
d Relics = Ro

.
While Non relativistic

This is the general case of the so-called

WiMp
, weakly interacting move

particles.

Let us emphasize the "weakly interarling
is not = "SU(z)

, interacting butmore

generdy "interacting with gu0(gso(s))
For cold relice

,
it is assumed that DM

decouples when N .R.
it while Yet

In the letter case the DM number

density evolution goes as follows :

Y= M/s

-
/y x

=
Yegue-

*

yol



2 .1milla Wimp : approximate reme

Here
,

we just rapidly evaluate the DM

relic dundance in theMustantaneous

fee-outapproximation.
A more precise evolution can be found

in
.
Gondolo-Gelmini 191.

Consider the fellowingprocess XXSMJM
for keeping Xin equilibrium :

Ma = Mx(6A .
v) O
↑ dendes thermal average

· We first estimate the me(or temperature
at which the peeze-out occur :

N
.R.

My= Mx +
A = my(Gy = H(T()
J

# 16 A -
v)

·Ex
y=m

=Mo
take Tarlo.
↓ Ex-2

(GAU] mx . Mp of expay.-

=> age - enc + en(G)mx Mp)



Considering my unso you can have IS
.

<GAWL v =
Also considering Mx Mp you con apmoxi
mate :

MenAna
Considering : myrt(10G)es

·
We can now estimate the dependence
of Ex in <A5) using Ma = H(Tc).

↑
A = H(T(D) = m(tc)=

& M(To) = m(cp)-m(T)
-> &xh ~ux(To(mx<MpTe

i .e
.Myh

not Mp
.



22.amilla Wimp : More details %lo.

Going back no the Boltzmann equations
one can mover the best result

for exht

Let us work as in theaevidus set-up.
where DM interacts with SM daf
Withour coming much about potentialdanksector or visible sector mediators.
I refer to this case as Vanilla WIMP and&

-

calculation details, con be found
.

In Gondle
Gelmini 191

Here
>

we are going te anume

that elastic XSM > XSM and
inelastic .(annihilations) XXSSMSM

are happening fast enough to ensure

that DM is in neticequ (we can

use (FD ,
BE

,
MB distributions) and

chemical equ in the early universe
↑

-

Assuming that XSM zs XSM decouple often
XXES SMSM ,

we can focus or the

Boltzmann equ involving XX SMSM

only · i.
2:.

+um=<2) (men-un

+
X ↑p 42



Ell

This equation can easily be rewritten
in terms of the dimensionless variables :

*
-

# comes from the fact that we

assume that entropy is conserved

= and he

=_F

Keeping in mind that for DM

self ounification mi = mj ,
we

have

+3un = (qu (rea-n2 .)
VANILLA WiMP.

this is valid for bath X= * and X**



#2

·
One can also definte the relative

velocity Vil as :

Fiel= mm
In the center of mess home Vel=2
·
Notice though that formj = S =(2)

=> Uma =Niel
-

In the latter famework
,
in the N

.
R . Lim

~
-

Gattob= a + be2 + ...
E = Sm

4m2

a = s-wave term
,
b = p = wave term,--.

- 1

us <615) = g192(n,9)Salpedpz Grab -E
+E2)/

-xu

dee
and) = a+
It can be shown that for > XCD =If

~= 0
. 12/

and we have assumed ga=ust and heff=at
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.

·
Let us take the executeof DMEV .

For

Mr > Mer andMrMzAG
=> Zuh 1

mp2
and going through the details of
thecon-section , one would get
the right DM abundance for mp = 66

for a COLD relic

· Unitarily limits Me annihilation
-

cross-section leads as

~Cat Gea

& Kamionkowski
190 . [GK

for s-wave annihilation taking
%0 Fo= with xf =25

se
and Gat = 2.

2152 um3 = 2103G2

=> mX100TeV . Sahaesthe
unitary bound.
-

~ One expects thus at high mass

Eph ~ m2sarlok
see also 2105 . 01263 for a generalisation
-> with a HS at T an US atT

-> higher mass unitary bound if TLT
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.
2 . 3 Go annihilations. (Griest & Seckel 191)

from Wimp to FiMP.
-

"weak n J ↳ "fable ,
interacts

interactions

Let us how assume that the DMX is

not the only z, odd particle .
Let use

introduce Xi = 1 ... N ; Mix fa
isj and X1 = DM= X.

If these dark sector (Zzodd) particles
are rose in man with X

, they will
affect the final DM abundance.

In order he determinethe DM relic

abundance
, one should a miori take

into account all

· faunihilation processes with eg

Gij = 6 (XiXj- SMSM)

· conversion processes and clastic scatterings
deays and inverse decoys , with

eg.

Ginj = 0 (XiSm -> XjSM')

& Miej = M(Xi - XjSM)
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·
The generic farm of the N

.

Beltzmann

equations would be :

di +Hi = -Ojjj (ninj-

-Msm((icjVism) (Mi - ne) -(ji Vjsm) (uj -nj)
- (iej) (2 -mje) -(Njsi)(mj -njz)

·
Side note
-

Notice that we can newrite the above eas in

a more compact form using the reaction rates

for 2132 and 102 processes as :

Vij ·ke = Jdbidj fie9 Jabe
-

x (a)484(pi + Pj- PR -pe)/Mijabe!
= u:1999 (Oijtij)!Vij = Sold Se

x(2)48"(pi +pj-pm) (Marij 1
= m (Treij]

where dbi=Ei
; i,j , ke drade both SM

and DS particles.

>sij = "Keijhermallyonea



Assuming no ,
we get fer dimensionles variet

·

threejk

Assuming that short after DMFo
- -·=1 decay to DM =X1 ,

one can

write for
N

m = [i
=,
mi

+ 3Hm=jj) (ninj

② we assume that all the relevant parti-
des are in thermal and chemical equ

-

in the early universe. In particular,
assumingXi Xj conversion processes happen

So asfest enoughxixiey)he consider them in chemical eque.
ie

Nietjeit
and

=Mi
with Neg; g; Jasp
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This allows to simplify even more the

Boltzmann eg ., which reduces to :

·
In particular ,

when considering the DM X
and a z2 odd partner Xz ,

we have 3

type of possibilities :

1 61162 ,62
16,
5) EDM annikie . FO.

exh2c,exp) 01236 ,11822S
-

= Co-annihilation F
.
O.

L 622GcOn2-

1622) exp(-2Dx)
= medicor ann

.Fo

the relative man difference A = mi-ma
-

Should not be too smal ms

for co-annihilations te play a role

↑
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N there we see i particular that in the

case in which X, coupling to SM andXj
would be smaller then the one ofXj
to e

.g .
SM but still loge enough to

-

keep there on chemical equ ,
one

could very well have the DM relic

abundance fully driver by Xj annihilation
if Dj = My is small enough.

My

IntheextumelateThat enteres
has for one extra DS particle Xc :

<eff07/(z
ann ge

geff = <gi (1+1 : (3 exp(-xDi)
i

. e. The consection setting the relie abundance
is "independent of XSM interactions



#15

3M-co- ,
mediator- annihilation Fo

,
one

iMusha live case :

Let us illustrate the transition in

DM-SM coupling strengthfrom vanilla
wimp

,
to the case of mediator antihil

Fo .
In the case of the Lephephilic

Scenario introduced before.

DM , self conjugate Majorana
fermion

20 bx lep +h.c.
↳ EM changed scolor.

~annihilatio
a e

#B : se extra contribs on p47.

v = 8
,
z-annihilation ,

eg
e

Mediator annihilations :

-

Podgis



120

Dedending on the Dr=my and

mX

the votive strength/# of channels involved
in the annihilation/co-annihilation channels

the DM relative abundance of 0
. 12

can beobtained for >x106though
the to mechanismacuminga DM-medChemical and

-

and SM. -> not really a "WiMP
,

Rh21x1
622 gu

indep ofby
↓

M

xX
Y IF
zh
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medicar annihilation Fo in the Lephophic
Scenario (redit : Sam Junius

Y

↳
= Kij

mig
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- an interestingnole on the "t-channel,
models is that you can have

nice line-like features from

·
Virtual-internal-Bunsthalung.

X = frX->x-

I
which is large when

my mx and D1241

· loop like es .X
~ relevant for indirect detection

varches but also relic abundance

If fr= gr
·

especially when X is

a self conjugate scolor field.

See eg . 1307
.
6480

,
1511 . 04452,

1503-01500
1 - ---

· Also iff is colored
,

non perturbative

effectduehomultipleyougebesonhe is a
taken into account ! (Sommerfeld effect

see e .g . 2308. 01336. B and shale ....)
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.

#IEEBLYINTERACTING MASSIVE PARTICLES

The case of feebly intracting massive
↑

particles (FiMPS) is usually directly
associatedto the Freeze-in mechanism of
production.

Here I will refer no Firps as particles
that interact with the SM on the

mediation of interactions with coupling
much more feeble than weak

interactions us outof chem/bin equ
from the start.

Within this framework I will describe
3 production mechanism :

1) the Freeze-in (Fil

2) the SuperWiMP mechanism (SW)

3) the Conversion driven Freeze out.
coscattering (Conv F- 0.)

· Going from #I to su mechanisms
,

smaller

couplings are involved.

·
We can also go from
Fis convo + 10-annihilationsFo Fo.

by increasing the coupling but smal
couping between the DM and a dark

sechen partner is needed.
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Here we will work in a framework
where :

· z,
odd particles : B = both particle in

-

MB >mX & thermal and chemical

eg ot early time

X = DM

· Production happens in aradiation
dominated era i

.e

. H(Trad)
In the case of e .g FI :

·
Notice that you can alsoproduce DM.

directly from SM in models such as

(dak photon
medided interactions

Higgs portal

of with the mother particle out-of
equilibrium (segmential FI) .

see e .g. 1908 .
09864

,
2005

.
06294,

0911
- 1120.

·

PM production in a modified early
cosmology can have very intesting
impact for Fimpdetection at colliders

and the interplay with cosmology
see e.g .

2102
. 06221 for an earlyMD 2

-
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.

1. Freeze-in

Here we will deepen the lose ofIt
from a mother particle decay into
-

SM particle(s)and the DM : B- X.

1.2Rule of Thumb

One can guess the typical dependence of
Yx in tams of U

, Mr and Mp.

Indeed the amount of DM particles
at a given time for a production rate R

should be ~ Lorentz factor
Xx v R

.
t

. me time dilation

At = At
.
)

Considering ot~FU=
will

-

x= mB/T · r =<Bex) a ↑
ex

.
x

↳ x(L1
= MBKT

BK=MB/+
is correcting the restframeB devoy

mate in the thermal both.

=YXBex MexMis

~ the Dr production is more efficient
ar lowT - IR dominated

rocen for FI through decoys



#

Considering that production gets to a half
when bath particles get Boltzmann
suppressed at U=MB/ = 0(1)
-> The lowest possible T is TMB

=> We expect Yxv MXM

=Boltzmann equdiona back to

x =E [x)

Assuming that there is no initial density
of DM My(ti) = 0

,
we can neglect the

reverse process XeB and Write.

48x) = E)4x() (S" (PfintPxn

ampe squared IMPinegn+X Sin (1** ) (182n)avaged
over in states gX gfin
summed over find shots.

Let us emphasize that in the case ofF it
has been shown that spin-sholistics can

effect the results. Here however ,
as in the

case of wimps
,
wewill neglat the (1Efilgi)

fachos . se e
.g. 1801

.

03508 & MicroMECAS.
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In the latter case
,

we can again
integrate out both side of the equation

over the DM 3 momenta and we

obhein :

y decoy
width B-X

&x +3nux = n2 ↑
Bex MITdt

YnE Modeled Besel fentawith kind

& K
,(x]= xS? (t=1)*= exp(tx)
kz(] = xji(E2-1)

*
27 exp[tx)

when considering N .
R. bath particle,

using f = gg exp(EB/+)

We also se that defining the time
variable

/
is more convenient in the caseof FF

as the DM production will become
exponentially suppressed as the both particle

relativisticbecomes now. Here again

going from time be temperature , using
entropy conservation ,

we use

denT-I and

# =Wedu

-
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Assuming constant go and heff over DM

production,one gets

!
um

we recover the

- Exh=So
rule of thumb
dependence.

= 0 . 12 (ker)(e)herewe
nee ga=heff

-

= 100

Introducing the convenient viable
1

Mo ; Mr Mo
that measure the importanceof theB

delay rate w
.
r. t

.

theHubble rate in a RD

era

FI
⑳-> exedemy Sal

= 0.
12 (A) (3)
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·Considering the case of e
.g MMX ,MSM

in Be XSM
,

one has
↓ Su(2)

ex= MB ie
. Jxv8103 g coupe.

8 MBrITer
In order te account for all DM ,

ie
,
the

DM is my hmore feably coupled then in
the case ofWiMP.

O
DM is produced around the time
ot which B abundance gets
exponentially suppressed it. TIMB

-> xF =m ~ I
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1
.3
.
Illustration.

Below some illustrations in the los

of dephophilic DM.

P

S
[ P

All processes except for mediator
annihilation are slow compared he

Hubble mate.
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For the set of masses below mx
,my-10ofar

we produce DM through FF for bx between
10-2 and 1-8

-xh2 ~ Tex ~5x

exn5

:FI from annihilation processes,
-

see e.g .
2111 .

1871 for am

officient treatment
· FIin different universes histories

see



·TheSuper WiMP (sw) mechanism
ro.

considering even lower coupling far
DM-mediator-SM

,
we end up with

veryhow decayrote s long life time
of the both particle. Very far DM would

be produced at early time throughFF

· In the batter case
,
the both particle

could have gone through Freeze-out.

and
Y =Ye for < x < Usw.

in particular ,
this means that B has

developed a non-neglibible them
. potential

29
bin = GB =L

when Hv i
-

Af late time
,
the B-particle decoys

fullyho DM .
We can thus expect

r

yoY-
X

- 3
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·
We can recover ryh from the
Same Boltzman egs .

↑

dX

2>
To S*B - um

xxfiek>

i.e . YetY M
K:[x)/k[x) -1

= Y

·
For the B particle

, using
B

YB = Y=A at K = xFo
.

and ga = ut

13EB = Yo-MuluzkFoll2
.are

with Rin ; Mrs My
⑪ - the decoy hime ,

or kow , for kowKo is:

·in =2
- IHN)
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·
For the X particle you have:

- Rp(x2= x /2
YX(4sw) = Y RnSdxx e

=Y exp(no/X)-Yo
as expected !

ger Xswc> XFo

Fi su

&
You always haveno lake Yx &Ys

-

Y=
/S into account!!

-F

YTDT .·I ei
x =

m
RFI - 1 Fi

d
Y=

/S

1 Tit yToT
I

-FA
Ev Now

· As a final comment

Y =yR2X
which is independent of bx

- &
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·3
. versiondriven F

.
O.

-
In f we have seen that we con

T

go from the vanilla wimplos

involving couplings ~gsil to

the case where the DM would get
its relic abundance fixed by the

Zadd Route the levema

New for 3 body interaction 2>)xBXASM

the dependence (D = (mb -mx)/mx)

JyY DM FO

2xh c,rep [ big1/exp[Dx)Co-ANN Fo

g
-4 1/exp(-2Bx)

MEDIATOR FO

assumes that BX conversion

processes happen fast enough to

ensure chanical equilibrium and

as a result

=



[V14 .

It has however been noticed though
S

see 1705 .
09232

,
1705 . 084500

,

that when conversion processes get
suppressed enough so that We (1

HM;

where Vizzj is the reaction rate associded
-

nXisX; conversions ,
the departure

fro chemical equilibrium re-introduces

a bx dependence in theExh for 3x1
and Dij =mmj <1 ·

mi

In order to compute correctly the DM

abundance
,

one should definitively
account for Visj effects on theGYi) i =1..

N

For the namework we are concerned with

considering X1 = X and Xa= B
,
we should

solve the coupled Boltzmann system :

=[(-1) + Uz(47)
-Vs(-) +Ve()]
= [V(-1) +Uz(47)

+Vs(-) -Ne()]
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Caution :in order to write the above
-

equations ,
we are assuming

that X is in kinetic equ.
with B

.
This can not be

ensured for arbitrarily smal

couplings !

It has been shown that for
the parameter space testable by
experiments with a Becolored

particle Kinetic equilibrium is

a good approach,se

1705 .
09292. In some other

cases
,
where the coupling involved

in coscetting processes is smaller
S

it is necesary to go back he

the unintegrated Boltzmann egs.
se e

.g. 1705.
084 50.

Here
,

we describe the case

where departure from kinetic
equilibrium con be neglected
and the use of the integrated
Boltzmann equ. can be thrusted

a
in the (dx ,

exh) poor for Cephophilic DM,
we have used a dashed line to emphasize
the region where we do not expect kinetic eq.
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In thehame work of conversion driven Fo.

we can not provide analytic results but
numerical results.

We have thus to discuss a specific model,
the Lephophilic DM case :

2exert

Below
,
we show the DM and mediator

density evolution for Man = 150 GeV
, Dmxp= 2 Gev

and Jx = 8
.
1st

xnoss X
D

sUzz
> Wi

> Uz

302z
> Y+ 22



#17

Taking Yx(x=d = o or initial condition

YX (x) Slowly builds up as in the case

of FI- This time though Yx(K) is going to

noss Ye9(x) before it freezesout.

In contrast
, of maintained iniS

chemical equie with the Plasma thanks
to its gorge interactions.
On the other hand X-a conversions

are barely efficient as combe sen

In the bottom plat with red colors :

Rep=xep2H
ma

Such barely efficient conversion processes
maintain : Xx(x)Y9(2) Knossie (KEO

As a result
, once the mediator gets out

of chemical equibrium at025
and eventually decays to X

,
the DM

density freezes out at slightly. later time.

Now
,
the smaller isX ,

the more important
will be the departure of XX) compared
to X% and the large Yy(x1) becomes

This behavior of (*x for dxx is wea

visible in our (xx ,
exh2) phot.



#18

one last comment. If we consider
additional BB-SMOM process ,

we

con actually decease the expected
Exh that would be expected from
mediator annihilation.This also in plice
that a larger (My , Bm) parameter space is

able he give rise to conversion driven Fo

The reason for this is because if 022↑ > RhemedI
=> more parameter space to compensate with by

due to inefficient conversions.

In the case of Lephophic DR
,

on additional

annihilation channel is provided by
considering 2 JnPtHH.

260e ~exp(2xgD)
>H=

10
- 2

↑ Jn =
5

.

101

STANDARD F
.O. >

↳steff
~(2xfB)
mp2

CONVERSION FO.

&
xX/10-7
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Green limit of the parameter space cones

ponde lo Exh= 0
.
12 due lo mediator

annihilation F
.

O. i
. e. for

<65eff)<LOV exptzgB) .

wit D=xb

mx

The form of the latter can be easily
understoodas a competition between
the mediator annihilate no section

16022 and the Boltzmann suppression
father exp(2gb)

,
see the plat.

NB In the case of colored mediator=
a careful treatment of

non perhubetive effects is needed

in oder to account correctly for
the bath particle abundance in
the all process ,

see 2112
. 01499.


